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Abstract This paper develops and analyzes multigrid semismooth Newton methods for a
class of inequality-constrained optimization problems in function space which are motivated
by and include linear elastic contact problems of Signorini type. We show that after a suitable
Moreau-Yosida type regularization of the problem superlinear local convergence is obtained
for a class of semismooth Newton methods. In addition, estimates for the order of the error
introduced by the regularization are derived. The main part of the paper is devoted to the anal-
ysis of a multilevel preconditioner for the semismooth Newton system. We prove a rigorous
bound for the contraction rate of the multigrid cycle which is robust with respect to suffi-
ciently small regularization parameters and the number of grid levels. Moreover, it applies to
adaptively refined grids. The paper concludes with numerical results.

1 Introduction

In this paper, a class of multigrid semismooth Newton methods for constrained optimization
problems is developed and systematically analyzed. The considered problem class is moti-
vated by linear elastic contact problems, which are included as a special case. We work with
the same nonpenetration constraints as in linear contact, but compared to linear elasticity,
we cover more general cost functions than the quadratic elastic energy. More precisely, the
problems have the following form:

unéi{1J J(u) subjectto 7H(u) < onlgc. (1)
Here, U = {u e Hl(Q)d CTpU = O}, 2 ¢ R4 is a bounded open domain, and I'c and
I'p are disjoint subsets of the boundary 92 of £2. Further, 7p : H'(2)? — H'/?(I'p)? is
the trace operator on I'p, i.e., 7p(u)(x) = wu(x) for all x € I'p if u is continuous on (2;

M. Ulbrich
Technische Universitit Miinchen, Department of Mathematics, Chair of Mathematical Optimization, Boltzmannstr.
3, D-85747 Garching b. Miinchen, Germany, E-mail: mulbrich@ma.tum.de

S. Ulbrich

TU Darmstadt, Fachbereich Mathematik, Chair of Nonlinear Optimization, Dolivostr. 15, D-64293 Darmstadt, Ger-
many, E-mail: ulbrich@mathematik.tu-darmstadt.de. This author was supported by Deutsche Forschungsgemein-
schaft within SFB 666 and SFB 805.

D. Bratzke

TU Darmstadt, Fachbereich Mathematik, Chair of Nonlinear Optimization, Dolivostr. 15, D-64293 Darmstadt, Ger-
many, E-mail: bratzke@mathematik.tu-darmstadt.de. This author was supported by Deutsche Forschungsgemein-
schaft within SFB 666.



2 Michael Ulbrich et al.

TO = e : U=V = Hl/Q(Fc) is the normal trace operator on [ ¢, with n denoting the
outer unit normal; further, ¥ : I'« — R is a given, sufficiently smooth function. Targeting for
Newton-type methods, the objective function J : U — R is assumed to be twice continuously
differentiable. Some additonal requirements on {2, ', I'p, and J will be given below.

Problem of the form (1) arise, e.g., in elastic contact problems, where {2 is the reference
configuration of an elastic body, u(x) denotes the displacement of the reference point z € (2,
and J is the total energy. The constraint then expresses that the normal displacement on ¢
shall not exceed 1, which can be interpreted as the normal distance to a rigid obstacle.

Our approach uses a Moreau-Yosida (MY) regularization to obtain a nonsmooth approx-
imation of the first order optimality conditions that is suitable for applying a semismooth
Newton method. We develop a superlinear convergence theory in function space as well as
error estimates for the MY-regularized solutions. A particular focus of the paper is put on a
multigrid method for preconditioning or solving the linear semismooth Newton systems.

The MY-regularization is required since the problem contains a pointwise inequality con-
straint that is posed in a Sobolev space V := H'/?(I'). The natural space for the Lagrange
multiplier is then the dual space V' and thus the complementarity condition cannot be writ-
ten in a pointwise almost everywhere form. For sufficiently smooth data, regularity results
for the solution can be used to infer that the multiplier is an L?-function. Then, a nonsmooth
pointwise reformulation of the complementarity condition would in fact be possible. How-
ever, in a primal-dual formulation of the optimality system, replacing the multiplier space
V'’ by L7 does not provide a framework where the linear operator in the Newton system is
boundedly invertible. Thus, a dual regularization would be required to fix this [32,34]; as
we will see, such a regularization is equivalent to the Moreau-Yosida approach, see also [29,
Sec. 2.1] and [34, Sec. 8.2.4 and 9.2]. A different alternative, chosen, e.g., in [4,17,24,36],
is to consider the problem after discretization and relying on the fact that then all norms are
equivalent. However, this comes at the cost of dimension-dependent condition numbers and
norm equivalence constants. This regularization by discretization (or well-posedness through
discretization) strategy requires to combine it with a nested iteration from coarse to fine grids
to compensate for the lack of mesh-independence since a function space counterpart of the
discrete algorithm is then missing. We therefore prefer to work with the MY-regularization,
which by our error estimates can be balanced with the discretization error, to have a well-
posed algorithm also in function space.

Extending results in [29,32,34], we show that a regularization with parameter o > 0
results in a solution that deviates at most by o(a'/?) (as a — 0F) from the true solution if
the true Lagrange multiplier is in L2(I'c). Further, if the Lagrange multiplier is in H*(I'c),
0 < s < 1/2 and the derivative of .J is k-Holder continuous near the solution (which holds

globally with x = 1 for linear elasticity), we show that the convergence rate is O(a% ).
Multiplier regularity can be ensured under suitable assumptions by invoking regularity results
for elastic obstacle problems [19,20,26]. We then introduce a finite element discretization
and, based on this, a discrete counterpart of the semismooth Newton’s method.

The main part of the paper is devoted to the analysis of a multigrid cycle that can be used
stand alone or as a preconditioner to solve the semismooth Newton system to the desired accu-
racy. Due to the regularization, multigrid methods for the semismooth Newton system require
special care. The regularization introduces an algebraic (i.e. non-differential) operator acting
on [ that is strongly weighted. This requires to develop a special multigrid iteration. Build-
ing on a general framework of multilevel convergence theory [38], we prove a guaranteed
contraction rate that is independent of the number of grid levels and uniform for all regular-
ization parameters o € (0, a;], where the upper bound az > 0 depends on the mesh size h
of the finest grid in the contact region, but is larger than required to balance the regularization
and discretization error. This robustness with respect to @ — 0T means that in the limit it is
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also applicable to the regularization via discretization approach. A direct application of the
latter strategy would result in systems with Dirichlet boundary conditions on the estimated
active set, which is usually not resolvable on coarser grids (in this context, see also [35]). In
the MY-approach, instead of these Dirichlet conditions a penalized version of them occurs.

Several different multigrid approaches for contact problems and for related classes of
variational inequalities have been proposed in the literature, see the surveys [9,36]. On the one
hand, there are methods that target the variational inequality directly: the monotone multigrid
method [21-23,37], projected subspace decomposition [1,25] as well as subset decomposition
[30]. Furthermore, a class of optimal quadratic programming algorithms is systematically
investigated in the book [7]. On the other hand, as in our approach, multigrid methods can be
applied to linear subproblems arising in Newton-type methods. Semismooth Newton methods
[8,11,18,28,32-34] for elastic contact problems have been investigated in, e.g., [4,12,17,27,
29,36]. Similar as in our approach, the methods in [12,29] use a regularized formulation for
the semismooth Newton method in order to achieve an appropriate function space framework.
Most other approaches build on discretized settings that do not have a suitable counterpart in
function space. This, in particular, applies to the available literature on multigrid semismooth
Newton methods [4,17,24,36]. In contrast, we consider multigrid methods for semismooth
Newton systems that arise for regularized problems, which are derived from the function space
theory of semismooth Newton methods. We also mention that it is possible to use semismooth
approaches also in the case of frictional contact problems [5, 15,29].

This paper is organized as follows: In section 2 we introduce the class of constrained opti-
mization problems in function space addressed in this paper and relate them to elastic contact
problems. Optimality conditions and the regularized problem as well as estimates for the order
of the error introduced by the regularization are developed in section 3. A semismooth Newton
method for the regularized contact problem is developed and analyzed in section 4. Section
5 forms the main part of the paper. Using a suitable discretization, it provides a detailed de-
velopment and analysis of a multigrid preconditioner for solving the discretized semismooth

Newton systems. The efficiency of the approach is demonstrated by numerical tests in section
6.

2 Problem setting

Let the bounded open set {2 C R? (d = 2 or d = 3) have a sufficiently smooth boundary.

The boundary I of {2 contains two disjoint subsets I'p and I'c withI' = I'p UI'y UI¢.
On I'p we pose homogeneous Dirichlet conditions. To avoid technical difficulties, we assume
throughout this section:

e The boundary I is sufficiently smooth (for C''-boundary, the normal trace operator

maps from H'(2)? to H'/2(I")) [19, sec. 5.3])

e ['p is either empty or has positive surface measure.

e - has positive surface measure.

e The sets I'p and I have positive distance from each other.

We consider the problem (1) as described in section 1.

Introducing the closed convex cone K = {v € V : v > 0 on I'c}, where V = HY/2(I'¢),
and the bounded linear operator B : U — V, Bu = 74(u), we can write (1) as a cone
constrained optimization problem:

milr} J(u) subjectto 1 — Bu € K. 2
ue
Example 1 (Linear elasticity) As an example, we discuss linear elasticity. Let the subset
I'y C I'" be disjoint to I« U I'p with sufficiently smooth boundary. The objective function
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(energy)
J(u) = ja(u,u) = f(u)

is convex and quadratic, with a bilinear form a : H'(£2)¢ x H'(£2)¢ — R and a linear form
f € (H'(£2)4). The latter is defined as

Flu) = /Q fruds+ [ ffuds() 3)

where fy € L?(£2)% and fs € L%(I'v)? denote the volume force in 2 and the surface traction
on [y, respectively. In the case of Lamé material, the bilinear form is given by

a(u,v) = 2/1/9 e(u):e(v)dr + )\/Q div(u)div(v) dz, 4)

with the Lamé parameters A, 2 > 0 and the strain rate tensor £(u) = % (Vu + Vu”). There
holds with a constant M, > 0:

la(u, v)| < Malul g0y [v|aro)pe Yu,v € HY(02)%

Furthermore, if I'p has a positive surface measure, then Korn’s inequality [13] yields that
there exists C4 = C4(I'p, {2) > 0 such that

||u||?{1(_())d < Cya(u,u) VueU. (5)

Hence, the objective function is quadratic and strongly convex. a

3 Optimality conditions and regularization

If the boundary 042 (and thus n) is sufficiently smooth, then the normal trace operator B :
U — V is onto. This is a constraint qualification for (1). Therefore, we can state the following
optimality conditions. To this end, we define the Lagrange function

L:UxV — R, L(u,y) = J(u) + <y,Bu — ¢>V’,V~ (6)

Proposition 1 Let u € U be a local solution of (2). Then there exists a unique Lagrange
multiplier § € V' such that the following Karush-Kuhn-Tucker (KKT) conditions hold:
g E ’C*v Ly(aag) = Ba—¢ S 07 <g)Ly(a7g)>V/7V = O (8)

Here, K* = {y € V' : (y,v)v/ v > 0V v € K} denotes the dual cone of the closed convex
cone K.

We target at applying a semismooth Newton’s method to a suitable nonsmooth equation refor-
mulation of the optimality system. A by now well established way to express a complemen-
tarity condition

w1 > 0, wWa > O, Wi1Wy = 0 ae.in{? (9)

between Lebesgue-functions wy, we is to write them as
w1 — [wl — 0’(U2]+ =0 (10)

where [-]+ := max(0, -) is applied pointwise and 6 > 0 is fixed. In our situation, however,
unless we can invoke regularity results, we have a complementarity between V' and V', and
the latter is a space of distributions, not of pointwise a.e. defined functions. There thus are two
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options, either discretizing first and then applying the reformulation in finite dimensions, or
regularizing the KKT conditions to recover an L? setting. In the discretization approach, there
then would be no clear and well-posed function space equivalent of the discrete formulation.
Hence, we prefer a regularization and adopt the Moreau-Yosida approach in the following.
It can be developed in at least two equivalent ways, either by primal penalization or by dual
regularization. The primal approach approximates (1) by the unconstrained problem

. 1 .
min Jo(u) := J(u) + %H[ay‘FBU—w]JrHQL?(Fcy (11

witha > 0and § € L*(I'c)+ = {y € L*(I¢) :y > 0 ae.on I},

This setting is such that J,, is differentiable and .J/, is semismooth. In fact, the space V'
is continuously embedded in LY(I¢) forall ¢ € [2,00]if d = 1, ¢ € [2,00) if d = 2, and
q € [2,2(d—1)/(d—2)] 2 {2}ifd > 3. Since t — 1[t]2 is differentiable with Lipschitz
continuous derivative [t] ., the Nemytskii operator v — 1[v]2 is continuously differentiable
from LI(I'c), ¢ > 2, to LY?(I'c) C L'(I'c) with derivative d — [v]; d. Hence, v
)], = 4 ch [v(z)]% dS(x) is continuously differentiable from LI(I¢), ¢ > 2, to R

with derivative [v]; € LY (I'c),1/q+1/¢ = 1. Since the argument of [-] ; in (11) maps affine
linearly to at least L?(I'c), we see that the objective function J,, (u) of (11) is continuously
differentiable with derivative

Ji(u) = J'(u) + B*[§ + o' (Bu — )] € U
At a solution u,, of (11), there thus holds

J (ue) + B*[§ + a~ ' (Buy — )]+ = 0. (12)
The semismoothness of this nonsmooth equation will be shown in Theorem 4.
Comparing with (7), the quantity v, = [§ + o '(Bu, — 9)]; can be viewed as an
approximation of 4. Thus, an extended way of writing (12) is
J'(ua) + B*ya = 0, (13)
Yo — [+ a” (Bua —9)]4 = 0. (14)

We briefly show that there is also a dual way of deriving (13), (14). For this, we add a dual
regularization to the Lagrangian, which results in L,, : U x L?(I'c) — R,

(&7 N
La(u,y) = J(u) + (4, Bu = )re = 51y = 9720 (15)

We note that (7), (8) is a first order condition for (%, %) to be a saddle point of L on U x K*.
If we formulate the corresponding first order saddle point conditions for L, at (uq,ys) on
U x L?(I'c)y, we obtain

(La)u(ta,ya) =0, (16)
Yo > 07 (La)y(uaaya) < 07 <ya7 (La)y(ua7ya)>[‘c =0. (17)

Now (16) is exactly (13). Further, by the equivalence of (9) and (10), the condition (17) can
be written as

Yo — [ya + Q(La)y(uaaya)]+ = 0. (18)
Since [La]y(u,y) = Bu — ¢ — a(y — ), the choice = o' shows that (17), (18), and (14)
are all equivalent.
We now will investigate the follwing aspects:

— error estimates for u, — @ and Yy, — y.
— a semismooth Newton’s method for solving the regularized problem.
— a multigrid preconditioner for the semismooth Newton system.
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3.1 Error Estimates

We now derive error etimates for the MY-regularized solution and the corresponding multi-
plier. We will work under the following assumption:

Assumption (E)

Let @ solve (1) and denote by § € V' the corresponding Lagrange multiplier. Let §,0 >
0 be such that J : U — R is continuously differentiable in a neighborhood of U; =
{u € U :|u—a|jy < d} and there holds:

J(u+d) — J(u) > (J'(w),dv.u + %HdH% YVou,u+de Us. (19)
The condition (19) is equivalent to the following local strict monotonicity of J':
(J'(u+d) = J(u),dyv o >old|y Yu,u+dels.

In the case of linear elasticity (see Example 1), this assumption is satisfied if Korn’s inequality
is applicable to ensure (5).
For the analysis, we restrict the minimization of J, to the set Us:

. Lo -
min Jo () = J(u) + %H[ay +Bu— ]| T2pey St u€Us. (20)

The constraint v € Us ensures existence of a unique solution, since Us is closed, convex,
and bounded in U and J is convex, thus weakly lower semicontinuous, on Us. We will prove
convergence u, — % in U (o — 07) and also will give convergence rates under an additional
assumption. The convergence in U implies that for o > 0 sufficiently small the constraint
u € Us is inactive at uq,.

In the convergence analysis, we use the following abbreviations:

do = Uq — U, To = agj + Bug — UJ, Vo = [Ta]+, Ya = ailva‘ 2D

Further, we write (-, -) for the dual pairing of compatible R™-valued (generalized) functions
on 2, thus abbreviating (-, -)u’,u, (,") ' (2)n,Le(2)n» €tC.. We use the notation (-, ") r, to
abbreviate (-,-)y- v, etc., and we will use || - ||z, || - ||m=, etc., to denote the respective
function space norms on I ¢.

We need the optimality conditions of (20), which are given by

g €Us, (J'(ua) +a 'B*lag+ Bug — ], u—ug) >0 Yucls. (22)
Theorem 1 Under Assumption (E) and with §j € L*(I'c) the following holds for o — 07 :

a) U, —u inU,
b) |[Bua = ¥4 llr2 < ll[af) + Bua — Y]+ [l12 = o(v/a),
¢) a ag+Buy vy -y inV'.

Proof From (22) with © = u, we obtain with (19):

0 S <J/(uo¢)7 _da> + <yom _Bda>FC

_ o (23)
< J(u) = J(ua) - §|ld<¥|‘%} - <ydea>FC'
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Further, using y, = a v, = a ag + Bu, — 1]y > 0 yields:
- <you Bda>Fc = <ya> Bu — w>Fc - <yon Bua - w>Fc

< _<yaaBuo¢ - w>Fc = <'Ua7g>FC - Oé_1<1}a,’l“a>1“c 24)
A _ R 3
= (or) e — 0 ol < 31 — 3

Thus, §ldallfy + a5 llvall7 < J(@) = J(ua) + allg]7..

Since Assumption (E) implies that J is bounded below on U, this shows that (o™ {|v, [|22)
is bounded. In particular, v, — 0in L(I¢).

Let (uq,), a; — 07, be such that ||d,, ||u converges to limsup,,_, o+ [|da|lu. Due to
boundedness, we can select this sequence in such a way that (u,,, ) converges weakly in U to
alimit @ € U. Then Bu,, — Ba weakly in V and thus, by compactness of V C L%(I¢),
strongly in L?(Ic). This yields [Ba — %], = limj,sva, = 0 in L?(Ic) and, hence,
Bu < 1) a.e. on I'¢. Further, we obtain with (7), (23), and (24):

olldallty < (I (wa) = J' (@), da) < ~(Ya, Bda)re + (9, Bda)re
< algllz: — 3% lvallze + (@ Bua = ¥)re — (7, Bi— ¥)re (25)
= allglZ: — fllvalZe + (@ Bua — ¥)re < alljllz: + (¥, Bua — ¥)ro.

Thus, by the choice of (u,, ) and using u,, — @ weakly in U:

limsup HdaH% < ll_l)ngoal|‘g||%2 + <g7Buaz - w>Fc = <g7 Bu — w>Fc < 07

a—0t

hence u, — @ in U and @ = u. Further, we obtain from (25):
3 . _ o
0 S EHUQH%Q S OZHyHiz + <yaBuo¢ - w>Fc — <y7BU - w>Fc § 07

hence o™ ||va |2, — 0.
_To show c), we note that for « > 0 sufficiently small, a) implies that u,, lies in the interior
of Us. Hence, for a > 0 small, (22) becomes (12). Subtracting (7) yields

B*(yo —9) = J' (@) — J'(uq) = 0 inU" (a—0").
Since B is surjective, the open mapping theorem yields y, — ¢ — 0in V.

Our next results provide rates of convergence. To this end, we need additional regularity
of the optimal Lagrange multiplier 4. It can be obtained from regularity results for the system

(D, (8).

Example 2 (Linear elasticity) As an example for higher multiplier regularity, we consider the
case of linear elasticity, see Example 1. The following can be shown, see ([19, Thm. 6.5]):

Let 2 C R3 have a CY'-boundary and let f be given by (3) with fy € L?*(2)® and
fs € L3(I'\ I'p)®> N HY(I'c)3. Suppose that the part I'c of the boundary is smooth enough
and that there exists a function u' such that nTu' = 1, u' € H3(2*) for every compact
domain 2* C 2 U I'c. Then, for a compact set 2° in £2 U I'c whose relative neighborhood
to §2 belongs to 2%, the solution of (1) satisfies u € H?(£2°)3.

We also refer to [20,26]. Now, if O is an open set such that 0 :=0NO # () is sufficiently
smooth and the solution satisfies % € H2(2)¢ then an integration by parts of a(i, v) — F (v)+
Ire ynTvdS =0,v € U, suppv C O yields:

—divo(a) = fy inf2, o(@i)n=fs inly, a=0inIp, o(@)n+gn =0 inIg,

where I'c =TenO,etc., and o(u) = 2ue(u) + Adiv(u) I is the stress tensor. Now @ €
H?(02)% implies § = —nTo(a)n € H/?(I'c) C L*(I¢).
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The example thus shows that the multiplier regularity assumptions of the following theo-
rem are reasonable.

Theorem 2 Let the Assumption (E) and §j € L*(I'c)+ hold.

a) Assume that the Lagrange multiplier i in (7) satisfies j € L*(I'c). Then there holds

I[Bua = l+llez < [@f + Bua = ¢]4llez < V2a(|[gllez + 17 — 9llz2),

[ta — llu < \ 55 115 — 9l 2.

b) Assume that for s € (0,1/2] there holds § — § € H*(I'¢). Further, let there exist ag > 0
such that (12) holds for all 0 < o < g and that there exist Cp, > 0 and k € (0, 1] with

1 (ua) = J'(@)lu < Crllua —ulliy ¥ a € (0, a). (26)

Then there holds for o — 0t
g _ a . 142s
e =l + 5117 = vallze < O+ 17 = gllue)a™079).

Remark 1 By Theorem 1, the assumption that (12) holds for sufficiently small o > 0 is always
satisfied. O

Remark 2 For the case of linear elasticity, see Example 1, (26) is satisfied with k = 1. O
Proof For both assertions a) and b), we start as in (25) and use (24):
olldallty < (' (wa) = J'(@), da) < ~(Ya, Bda)re + (§: Bda) e
< (Vo §re — @ H|vallZe + (7, Bda)re
There holds, using 1, < v4, ¥ > 0 and (g, Bu — ¢)r, = 0:
(9, Bda)re = (4, (Bua — %) = (Bu—¥))re = (§;ra — &f)re < (J,va — af)re
1

Thus, we obtain, using y, = o~ vy:

olldal?s < (Wa, G re — o Mvalliz + (T va — @) re = (J — Yas Ve — af) e
:@*ymvzx*agﬁ“@+Of@*yaa?j*g>l“c (27)
—allg = yallie + T = var T — D) 1o

a) We now address the case jj € L?(I'c). Then by Young’s inequality:
dol2. < —allg— 2 _— . <« %5 2 Q2
olldallt < —allg = yallzz + Ay = Yo ¥ = Dre < =519 = Yallzz + 51 = 9l

This shows ||da|lu < /52|17 — 9| 2. Further,

_ _ _ _ 1
=17 = vallZz = =917z = llvallZe + 207 ya) re < 17172 = 5 llvallze.

Hence

_ 1 o
o0 ldallg + gllyallze < IIyHL2+ Hy—ylliz-

-2
We use § > 0, which implies 0 < [Bu, — 9]+ < 4, and conclude

[[Bua = ¥]+ll2 < vallze = allyallez < V2a(llgllee + 117 = 9l 2)-
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b) Next, we address the case § — y € H? under the assumption stated in b). We can ap-
proximate h := § — ¢ by hs € H'(I¢) (e.g., by applying a mollifier; then the following
inequalities can be shown by considering the spaces L? and H' and then using complex in-
terpolation) such that

Ihsll 3 < C8 2 Rl s (1B = hsllz < Cab® || . -

Further, there exists a bounded extension operator E : H'/?(I'c) — U with BEy = y and
|Eylly < Ce ||yl g1/- for all y. Thus, for 0 < a < a we can use (12) to obtain:

(= Yo I = ) rc = (I — Yo hs)re + (T — Yo h — hs)res
(J = Yo hs)re = (J — Yo BERs) re. = (B*(§ — Ya), Ehs)
= (J'(ua) = J' (@), Ehs) < ||J'(ua) — J' (@) 1 ERs |l
< CpCr |ldallis sl ;3 < CoCLOW ™2 Al . lldallt

(U = Yar b = hs)re < N5 = yall g2 1 = Psll 2 < C20°[|§ = yall 2 [12ll - -

Inserting these estimates into (27) and using Young’s inequality, we obtain:

olldall? < —allg — valliz + & — Yo ¥ — §) 1o
< —ally = Yal}e + aCeCLCI* Y2 1| . |lda |l
+ aC20° |7 — yall g2 1]l g
o o 2 o 2
< =<7 = valliz + 50567 IRl . + 5 ldally
2 2 2
2 — K,
( f)m—n(acECLclas—l/Q k=

20‘ 22—k

Making the ansatz § = « and balancing the exponents of « in the second and fourth term
yields

2 K
14+2vs=(1 —1/2))——, th =—.
+2vs=(14v(s /))2—/<;’ us v T 25(1=7)
The exponent thus is % We arrive at

o ~ o . _142s
Sl = alls + 517 = vallze < O+ (17 = gl7)a™079).
Remark 3 If kK = 1 we get v = 1 and the a-exponent 1 + 2s.

In the case § € L2(I'c) we can improve the rate from O(az) to o(a2 ):

Theorem 3 Let Assumption (E) as well as § € L*(I'c)+ hold and assume §j € L*(Ic).
Then, for oo — 02, there holds:

ua — allu = o(a?), (28)
Iy — Fllv: = O (ua) — J' (@) |u- (29)

Proof See appendix A.1.
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4 Semismooth Newton method

We consider now the efficient solution of the optimality system
H(u) := J'(u) + B*[§ + o™ (Bu — )]+ =0, (30)

where we take the particular difficulties mentioned above into account.
We denote the nonsmooth part by

G(u) := B*[§+a (Bu — )] (31)

The derivation of a Newton-type method for (30) requires the analysis of the nonsmooth
operator w — [w]4. In fact, we can apply the following result.

Lemma 1 Consider, for 1 < r < p < o0 and bounded I'c the superposition operator
S :w e LP(I¢) — [w]y € L"(I'c). Define the set-valued generalized differential 0S :
LP(I'c) = L(LP(I¢), L™ (I'c)) consisting of all M : v — mw, where

m e L¥(I¢), mlwco =0, mlwso=1, mlw=0 € [0,1].
Then, S is Lipschitz continuous and it is semismooth in the following sense

sup  [|[S(w+s) — S(w) — Ms|
MedS(w+s)

L™ (I'e) = O(HS||LP(FC))’

Proof This is a special case of results in [11,33]. O

We now use the continuous embedding V' C LP(I¢), with p > 2 appropriately chosen
depending on d, and assume that ¢ is chosen such that § € LP(I¢)4. Then we have

IBlly,o(re) < Cn (32)

with a constant Cg > 0. Now we define for GG in (31) a generalized differential 0G : U =
L(U,U’) as follows:

0G(u) ={a 'B*MB, M € 9S(§ +a ' (Bu—1))}. (33)

Using the semismoothness of the max operator S(w) = [w]4, see Lemma 1, and the embed-
ding V' C LP(I'¢) with suitable p > 2, it is now straightforward to derive the semismoothness
of G:

Theorem 4 Consider the operator G : U — U’ defined in (31) with differential OG given
by (33). Then G is Lipschitz continuous and moreover semismooth in the sense that, at every

ue U,

sup  [|G(u+5) = G(u) = Zs|ly = olllslly)  as llslly = O
Z€dG (u+s)

Proof Combining Lemma 1, (32), and the chain rule for semismooth operators [34, Prop. 3.8]
shows that G : U — U’ defined in (31) is semismooth with the differential given by (33). 0O

For the convergence analysis of a semismooth Newton method for the nonsmooth system
(30) we make the following assumption that is in accordance with Assumption (E) and will
be verified later for particular applications.

Assumption (S)

1. w € U~ J(u) is twice continuously F-differentiable.



A Multigrid Semismooth Newton Method for Semilinear Contact Problems 11

2. (12) has a solution u, € U at which J"(u,) € L(U,U’) is U-coercive, i.e. there exists
a constant C'4 > 0 such that for p > 0 small enough

Ca (J"(u)v,v)u > ||v||% VveUVueld,:={uecU: ||u—-uy <p}

Remark 4 If Assumption (E) and Assumption (S), 1. hold then J” (@) is U-coercive with
Cx = o~ ! and by Theorem 1 for all @ > 0 small enough Assumption (S), 2. holds for
Cp=20"1.

Under Assumption (S), the elements of the generalized differential 0 H (u) satisfy the follow-
ing regularity property.

Lemma 2 Let Assumption (S) hold. Then there exist § > 0 and Cy > 0 such that, for all
uwels ={ueU:|u—uylu <} every element Z € OH (u) has a bounded inverse with

127 o < O

Proof Assumption (S) yields § > 0 such that J"(u) is coercive with constant 1/C 4 for all
u € Us. By (33) we have for any Z € 0H (u)

Z=J"(u)+a 'B*MB
and the definition of 9.5 yields for all v,w € U, using 0 < m < lon I'¢)

(B*MBv,v)u v = (MBv, Bv)r. = ||m* Bv|}s(5,.) > 0,

* 2
(B*MBv,w)ur,u < HB||U,L2(FC) [vlly wlly -

Therefore, the operator Z = J"(u) + a " *B*M B € L(U,U’) is continuous and coercive
with constant 1/C 4. Hence, Z~! exists and || Z~!||y/,u < Ca.

We consider now the following semismooth Newton method for (30).
Algorithm SN: Semismooth Newton Method:

1. Choose an initial point ug € U and set k = 0.
If H(uy) = 0: STOP with solution uy.
. Choose Zy, € OH (uy) = J" (ux) + 0G(uy) with OG as in (33) and obtain sy, € U from

W

ZkSk = —H(uk)
4. Set ug+1 = uy + sk, increment k, and go to step 2.

Superlinear convergence can be deduced from Theorem 4 and Lemma 2, see [33]:

Theorem 5 Let Assumption (S) hold. Then there is p > 0 such that for all uy € U with
luo — ually < p. Algorithm SN terminates finitely with solution u,, or converges q-superlinearly
10 Uq.
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5 Application of multigrid methods

We will now show that after discretization standard multigrid solvers can be applied.
Throughout this section we assume that I'p has positive measure such that by Poincaré’s
inequality there exists a constant C}, > 0 with

[Vl (0ye < Cpllvllmroye Vv eU.

Moreover, we assume that J” () has the following structure.

Assumption (M)
Assumption (S) holds and J” () has the structure
(J"(ww,v)y = := / (CVw :Vv+ DVw:v+ DVv:w+ Ew:v) dx 34
Q

=: ¢(w,v) + dy(w,v) + da(w, v) + e(w,v) =: a(u; w,v)

with C = (ciju) € WE2 ()4, D = (dijz) € H'(2)%, E = (e;;) € L2(£2)% uniformly
bounded on bounded sets of u € U.

Assumption (M) holds for example if J(u) has the form
1
T =5 / (CVu: Vau+ d(u) : Vu+ e(u)) de
2

and d, e satisfy appropriate conditions.
Under Assumption (M) there exists with Poincaré’s inequality clearly a constant M, > 0
with
|a(u; v, w)| < Ma|[v]| g (@)llwllg o) Vo,weU. (35)
Moreover, Assumption (S) yields C4 > 0 and p > 0 with (ensured by (5) for the Signorini
problem)
Caa(u;v,v) > ||v|@11(9)d, VveUVueld,={uecU: ||lu-u}|y<p} (36

Let A = A(u) := J"(u) € L(U, U’) be the invertible operator corresponding to the coercive
bilinear form a(-, -; u).
In each semismooth Newton step of Algorithm SN we have in step 3 to solve an operator
equation of the form
(A+a 'B*MB)s=r 37)

where we select M = M (u) € dS(§ + a~1(Bu — 1)) in (33) for simplicity as
(38)

For notational convenience, we set
Ay = Au(u) == A(u) + a ' B*M(u)B.

We have seen in the proof of Lemma 2 that A, is a lower order perturbation of A by a uni-
formly bounded, symmetric, positive semidefinite operator. Hence, A, induces a symmetric,
continuous, coercive bilinear form

ao(u; v, w) == (Ag(w)v,w)vru Yov,we U.
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For brevity, we suppress here the dependence of a,, on u. As shown in the proof of Lemma 2,
there exist constants ¢; (a), co > 0, independent of u € U,, with

|aa (v, w)| < i) [[olly wly  Vv,we,
|aa(v,0)] > a(v,v) > e vl Yo e U.

Thus, (37) has a unique solution and can briefly be written as
Ays=r. (39)

We will prove that (39) can be solved efficiently by an appropriate application of standard
multigrid methods after discretization. Since the term o' B* M B does in general not admit
H? regularity results as needed by classical multigrid theory, we will apply the multigrid
theory reviewed by Yserentant in [38]. As we will see, this will require care in the cnstrauction
of the multigrid spaces. We will select coarse grid spaces that are in the null space of the
discrete approximation of the operator o~ B* M B.

5.1 Discretization

We consider the following general framework for the discretization of the contact problem (1)
which we write as before in the form (2).

For simplicity, let {2}, be a polyhedral approximation of 2. Let 7, be a simplicial triangu-
lation of {2,. Moreover, let I'c , C 0f2, and I'p j, C 02, be approximations of I'c and I'p,
respectively, consisting of faces of elements in 7. Let U, C {u € H'(2,) : u|r, , =0} be
a finite element space corresponding to 75, such that U, := U, ff is a finite element approxima-
tion of U. Finally, let V;, C L?(I'c ) be a finite element space for the Lagrange multipliers.
Moreover, let X; ;» 1 <14 < Nk, be a“positive” basis‘(see 5.2) of Vh’ such that with constants
0 < k1 < Ko 7

NKh 3
K1 ”vh”L?(th) < (Z(X:»i’vh)%z(Fc,}z)> < K2 ||’UhHL2(pc,h) Vo, € V. (40)
i=1

We approximate K, K, and T& by K,f, K, and Ta ;, defined as follows:

Nry,

K= {yh EViiyh= > UiXit, ¥i> 0},
i=1

Ky o= {vn € L*(I'cn) : Wnsvn)L2(re,) =0 Yuyn € KiF ),
76p Up = Uy C LQ(FC_’h), see (49) below.

The nonpenetration condition 75 (u) < 1 is approximated by
(n, ¥ — 780 (un)) L2(re) =0 Vyn € K
which is equivalent to
(Xi» ¥ = En(un))L2(re,y 20 1 <@ < Ni,.
We arrive at the following discrete approximation of (1).

min J(up) subjectto (xj ;% — 78, (un))r2(ro,) =0, 1<i< Ng,. 41)
up€Up ’ ’ "
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Further, we introduce

By € L(Up, RN<1),  Bjuy, = ((x;i,n’},h(uh))mrd)

1<i<Ng,
RVx = (0t ) :
Py € hyo by (Xn.i» ¥)r2(re) R
Then (41) can be written in the form
min J(up) subjectto pp — Bpup > 0. (42)

up €Uy
5.1.1 Discrete optimality conditions

The KKT-conditions read as follows. u;, € Uy, solves (41) iff there exists a vector y; €
RN%, | which is the coordinate vector of y;, € V;! with respect to the nonnegative dual basis
X;{ ;» such that

(J'(un), Wiy o + Y3 Bhwn =0, YV, € Uy, (43)
¥n >0, Py — Byup >0, vy} (n — Bruy) = 0. (44)

Now let (-, -)o be an L2-like inner product on Uy, see (52) for our choice within the multilevel
preconditioner. Introducing J} (up,) € Uy, A, = Ap(up) € L(Up, Up,) with

(Jr(un);wn)o = (J' (un), W)y ys  (Anvn, wh)o = alup; vn, wr) (45)

for all uy,, vy, wy, € Uy, we can write (43) as J}, (up) + Biyn = 0. Here, B € L(RN%n:Ur)
is defined by szhwh = (Bfzp,wp)o for all z;, € RY%n w;, € Uj,. With the C-function
#(a,b) = min(a, «~1b) = a — max(0, a~1b — a), the discrete regularized optimality system
can be written as.

Jf/z(uh) + B;th = Oa
Yo — [¥n + o H(Brup — )]+ =0,

Inserting the second equation in the first one we arrive at the following discrete counterpart of
(30)

Th(un) + Bi[y, + o~ (Buun — i)y = 0. (46)
5.1.2 Discrete semismooth Newton system

Applying a semismooth Newton method to this discrete approximation (46) of (30), we obtain
the following discrete counterpart of (37).

(Ap + o tBi MyBy)sy, =, 47)
where we select My, = Mp, (up,) by (38) as

1 if (3, +a Y (Brup — 1)) > 0,

My, = diag(mq,...,m , My = e
h g(m Nic, ) {O if (7, +a Y(Brup — 1)) <O0.

By the definition of Ay and B}, (47) is equivalent to

a(sn,wp) + o (Bywp) " My Brsp, = (rp,wi)r2(0)  Ywp € Up, (43)
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where a is the bilinear form corresponding to J" (uy,).

We assume throughout that an analogue of Assumption (S) holds at the discrete solution
uy, of (46),1.e., J” (uy,) is U-coercive. This follows from Assumption (S) if « > 0 and the grid
size of Uy, is small enough by Theorem 1 if the finite element discretization is convergent;
see e.g. in the case of elastic contact problems [16] for a convergence result of discretizations
as we consider now in 5.2.

5.2 Choice of the finite element spaces

We consider the following finite element discretization, see for example [37]. Let U}, be the
space of conforming linear finite elements, i.e.,

U = {v e C(§2) : v piecewise linear on Ty, v|r, , =0} .

Let V;, be the free nodes of 7y, let {¢,, : p € Ny} be the nodal basis of U}, and set N¢ p, :=
Nu N I'c . Defineatp ¢ Nc,h the approximate outer normals n,, for example by

np = Qp Z |F|np,

Face F'Csupp ¢,

where np is the outer normal of F' and o, > 0 is a weight such that ||n,|| = 1. Now define
for up, € Uy, the discrete normal trace by

onlun) = > nlun(p) ép (49)

pENC.H
Finally define as in [14,37] for N¢p, = {p1, ... ,pNKh} the dual basis 1y, ,, with the same
support as ¢,, and satisfying the biorthogonality relation
Vh,pPq dS(z) = 5pq ¢q dS(z)Vp,q € NC,h~
I'cn I'c,n

Now we define our “nonnegative” basis by

A p— 15, L2(I'c,n)
T TP
h, D f[‘cﬂh ¢p7: dS(:c)

Then we obtain (X} ;,vn)r2(re,) = Va(p:) ||dp, 12(re.p for all vy, € Up. Therefore, by
estimating the corresponding quadratic forms we deduce

Nk, Nk, <9 ||UhH22
> L2(I'c.p)
Z(X;{,pvh)zw(m,h) = Z /r v (pi)® IQH dS(x){ (ren)
i=1 C,h

2
i=1 = % ||vhHL2(FC,h) :

and thus (40) holds with k1 = 1/ V2, ke = /2. Similarly, we have for all u;, € Uy,

Bran)i= S nlunle) /F Xt s0d5(x) = 1T wn(p:) |6,

qeNcn

L2(Top) (50)

If we choose an appropriate nodal basis for Uy, we can verify the following assumption. It
uses a matrix Sy, where ¢ appears for the first time. It denotes the number of grid levels and
corresponds to the finest grid, given by 7},.
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Assumption (C)

(Cl) There exists a constant Cg > 0 such that for all M;, = diag(m, ... s MN, ), m; €
{0, 1}, the matrix representation S, of the operator .Sy, := B} M}, B}, corresponding to
the nodal basis of Uy, and its diagonal part diag(Sy) satisfy

CpSy — diag(Sy) positive semidefinite.
(C2) There exists a constant k3 > 0 such that for all M}, as in (C1), there holds:

wllelg H’Uh — whlliz(lﬂcﬁ) < Kg(Bhvh)TMh(Bh’Uh) V’Uh S Uh.
(Bhwh)T?\/f}L(gh“’h):[)

We give an example for which (C1) and (C2) hold.

Lemma 3 Ifwe choose the nodal basis ¢, ; = ey j¢p, D € Ny, ep,j € R3,1<j <3, 0of Uy,
with (ep.1, €p 2, €p3) orthonormal, e, 5 = ny, for all p € N¢ p,, then assumption (C1) holds
for the above discretization with Cg = 1 and (C2) holds with some k3 = 2.

Proof See appendix A.3.

5.3 General framework for multilevel preconditioners

As before let {2, C R? be a polygonal approximation of §2 and assume for simplicity that 7
is a coarse conforming simplicial triangulation of (2}, such that I'c,y and I'p j, are the union
of certain boundary faces of simplices in 7. The triangulation 7y is refined several times by
obeying the rules in [2] leading to a family of nested, possibly nonconforming triangulations
To, T1,-- ., Te, where Ty, = Ty is the finest grid. We require that in 3D the refinement strategy

of [2] is implemented in such a way that 7o, 71, . . ., 7¢ are locally quasiuniform. In addition
let 79,71, - - ., Te with Tg = T be a corresponding sequence of uniformly refined conforming
meshes. Let

Sp = {v e C(2) : v piecewise linear on Ty, v|r, , =0}

Sy = {v € C(f2,) : v piecewise linear on Ty, v|r, , = O} :
We set S7 = Sp x Sy x S and S} = Sy, x Sy, x Sy The free (non-Dirichlet) nodes of 7; and
7| are denoted by N; and N, respectively.

We want to solve the semismooth Newton equation (48) on the finest grid 7, = 7, by
using a multilevel method. We apply the general framework in [38].

5.3.1 General multigrid framework

Let U, = S} be the finite element space on the finest grid and define on Uy, the inner product
induced by the bilinear form in (48)

o (ur; v, w) = alup; v, w) + o Y (Byv)T My, (up)Brw,  v,w € Uy, (51)

with corresponding norm
loll = aa(v,0)"/?

and the L2-like inner product

1
(v,w)o = Z diam(T)Q/Tvadx (52)

TeTo
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with induced norm
1/2
[v]lg = (v,0)y""
Define similar to (45) the operator A, p, = Ag p(un) : Up — Uy by
(Agpv,w)o = ag(up;v,w) Yo,w e Uy
and the right hand side f; € S by
(fiuw)o = <7"haw>U;1,Uh Vw € Uyp.

Then A, j, is symmetric positive definite with respect to the inner product (-, ), and (48) is
with v = s, equivalent to the linear equation

Aa,hv = fh~ (53)

To describe a general multiplicative multilevel method for (53) let W, ..., W, be a subspace
decomposition such that any v € Uy, admits a possibly non-unique decomposition

v=wy 4w+ F+wp, w; €W
Define the projections Q; : U, — W, by
(Quv,wi)o = (v,wi)o Yw €W,
and the Ritz approximations A; : W, — W, of A, with respect to the spaces W, by
(A, w)o = (Aapv,w)o = ag(v,w) Yov,weW,.
An exact subspace correction that makes the error a,-orthogonal to W, is given by
v v+ AT QU fn — Aapv).

In order to obtain an efficient algorithm, multilevel methods replace the exact subspace cor-
rection by an approximate subspace correction

v v+ B Qu(frn — Aanv).

with a symmetric positive definite approximation B; : W, — W, of A;. Obviously, the
approximate subspace correction can be implemented in the form

vV v+ dl, where d; € W, : (Bldlawl)o = (fh — A%hv,wl)o Yw, € W,
<— (Bldl,wl)o = (fh,wl)o — aa(v,wl) Yw; € W,.

We consider now the following multilevel preconditioner.
Algorithm MPR: Multilevel preconditioner

Input: f, € Uy, starting point v € Uy,
Forl=0,1,...,¢:

vev+d, deW (Bldl,’wl)() = (fh,’wl)() — aQ(UﬂJ}l) Yw, € W,. 54
If v € Uy, denotes the solution of (53), the approximate subspace correction (54) leads to

the update for the error
v—0+ (I-T)(v—"7)
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with T} = Bl_lQlAm n, and thus the preconditioner MPR results in the error update
V=0 Ew—-17), E=I-T,) --(I-T1)(I—-Tp).
We recall a general result of [38] to estimate || F'|| that we will apply in the sequel. We will

work with the following assumptions.

Assumption (A) There exists a subspace decomposition Uy, = Vo & V) & ... &V, with
Vi C W, such that the following holds.

(A1) The decomposition is stable in the sense that there exists a constant /; > 0 with

) 2

>

=0

¢
> (Bio,u)o < K
1=0

(A2) There exist constants yx; = ;x With
Spectral radius((vx1)o<k,i<¢) < Ko
o (Wi, vy) < fykl(Bkwk,wk)(l)/z(Bwl,vl)é/z VYw, € Wi, vy € V), 0< k<[ </
(A3) There exists 0 < w < 2 such that
ao (wy, wy) = (Aywi,wy)o < w(Bjwg,wy)o  Yw € W
Then we have the following theorem, see [38, Thm. 5.1].

Theorem 6 Let (Al), (A2), (A3) hold. Then the preconditioner MPR reduces the norm ||v — 0| =
ao(v — T,v — ©)Y/? of the error at least by the factor | E|| where

2—w

EP<1-——2* .
R TR e

Note that the spaces V; C W, do not enter the actual computations, they are a purely
analytical tool.

Corollary 1 Let the assumptions of Theorem 6 hold. Denote by M the multilevel precondi-
tioner given by Algorithm MPR for starting point 0, i.e., v = M fy. Then the spectral radius

: / 2—w
OflfMAa,hlSS 17W
Proof Let f, = A, 0. Then for v = M f3, we have for starting point 0
(I-MA,p)v=0—v=E{®—-0)=En.

Hence, E = I — M A, j, and the assertion follows from Theorem 6. O

5.4 A multilevel preconditioner for the semismooth Newton system
5.4.1 Finite element spaces
We choose W, = S? = Uy and

Wy ={v €Uy : (Brv)" MyByv=0}.

We recall that V3, = Ny are the nodes of 7; and ¢, p € N, are the nodal basis of S. Let as
in52Neyp :=N,NIcn=:{p1,... ' PN, }+. With our choice of By, in 5.2 we can easily
obtain a basis of W, as follows.
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We assume that the normals n,, p € N, C,h» can be extended to a W22 _continuous func-
tionn : 2, — {v € R?: vTv = 1} and that we can define a W*°°-map

N:z € 2y N(z) = (t,t2,n)(z) € {Q eR*?: QTQ =1, det(Q) = 1} .

with some Lipschitz constant L. Since [ is only a part of I', such a map can usually be
constructed.

We know that My, (up) = diag(ma, ..., mny, ), m; € {0,1}. We define the set of current
contact nodes by I'y = I'y(up) = {pr : 1 <k < Ng,, m = 1}. Let

W, = {v € Uy :v3(p) = 0forall p € I}

and define the linear operator

P:W; W, Pu= Y (N(p)v(p))ép-
peN

Then we have
W, =PW,
and P transforms the nodal basis of Wé to a nodal basis of W,.

Remark 5 Pu is nothing else but the linear interpolate of Nv on the finest mesh 7.

The definition of the coarse subspaces of W, uses the following extended contact set on
the coarser meshes:

I.=I,U U (F N N).
F face of some T' € Ty, withint(F) N Iy # 0

Setting
W, = {v68k3:vg(p)=0, pe Iy} (55)

we define the coarse subspaces
We = PW, (56)

and P transforms the nodal basis of W}, to a nodal basis of Wj.
For the multilevel method we use now the spaces

Wie=Wy, k=0,....0—1, W, =83 =1U,. (57)

The auxiliary spaces V; C W, are obtained by an L2-like subspace decomposition. To this
end, we define the projections Q] : U, — W], 0 <1 < ¢,

(Qv,wi)o = (v,wy)o Vw € W],
and, similarly to [38, §7], the subspaces V; C W]
Vi=W;, Vi ={Qu-Q_w:veW,} CcW, 1<I<L.

Now we set
Vii=PV/CW, 0<I1<V/.

Finally, we define

Vii=V, 0<1<l—-1, V= {P(’U*Q%_lv):UEWZ}.
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5.4.2 The multilevel preconditioner

We apply now Algorithm MPR with the just defined subspaces W, and use m symmetric
Gauss-Seidel iterations as approximate subspace correction (54). On the coarsest level, we
apply an exact subspace correction, i.e., we set By = Ag:

To this end, we use now the nodal basis of W, and denote for w; € W, by w; the coor-
dinates (i.e., nodal values) of w; € W, with respect to this basis. Denote by A; the matrix
representation of A; corresponding to the nodal basis of W, i.e.

WlTAldl = (Aldlawl)o le,wl eEW,.

We assume that the choice of ;" ; and ¢, ensures the property (C1) of the nonpenetration
operator By,. 7

As approximate subspace correction (54) we apply m symmetric Gauss-Seidel steps start-
ing with 0 to the matrix representation of the exact subspace correction

(Ardi, wi)o = (fr,wr)o — aa(v,wy) Yw, € W (58)

Let
Aldl =TI

be the corresponding matrix representation with respect to the nodal basis, where r; represents
the right hand side of (58) given by

rlTwl = (fn,wr)o — an(v,wy) Yw € W, (59)

We introduce the splitting
Aj=D;-L, - LT
into diagonal, strictly lower and strictly upper triangular part, respectively. Then m symmetric
Gauss-Seidel steps can be computed by
Algorithm SGS: Symmetric Gauss-Seidel subspace correction

Input: r; € RUmOV),
Output: d; = Bl_lrl after m Symmetric Gauss-Seidel iterations on A;d; = r;.
Setd; :=0. Fori=1,...,m: d;« d;+ (Dl - Ll)_l(rl — Aldl)

d; «d;+(D; - LlT)fl(I‘l —Aidy).

For | > 1 we use Algorithm SGS with r; given by (59) to implement the approximate
subspace correction (54). On the coarse level [ = 0 we compute an exact subspace correction,
i.e., we use By = Ao.

This leads to the following implementation of Algorithm MPR:

Algorithm MPRSN. Multilevel preconditioner for semismooth Newton system (48)

Input: f, € Uy, starting point v € Uy,
Subspaces W, according to (55)—(57).

Forl=0,1,...,0:
v vtd, di €W (Bidi,wy)o = (fr,wi)o — an(v,w) Yw €W,

by using By = Ag for 1 = 0 and Algorithm SGS for | > 0.
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5.5 Convergence analysis of the multilevel preconditioner

We show next that Algorithm MPRSN satisfies assumptions (A1)—(A3), where the constants
depend only on the mesh regularity of the initial mesh. Hence, Theorem 6 and Corollary 1
ensure a mesh independent £ < 1 such that the spectral radius of I — M A, ;, is < k. We have
the following result.

Theorem 7 Let T = {T €T;,: TNI¢y contains a whole face}.

1. There exists a constant C' > 0 only depending on the regularity of the initial mesh such
that (Al) holds with

4o diam(T")
K =1 )
! + Tronea%] T gl%CTO diam(Tp)?

2. There exists a constant C' > 0 only depending on the regularity of the initial mesh such
that (A2) holds with

l—k ¢ .
1 2%/ adiam(T")
—co(—= (1 Si(1— 8 —)
" (\/i) N M( M) Tlglea%]* T;gl%)éTo dlam(TO)

where d;4, 6x¢ are the usual Kronecker-symbols.
3. The operators By, | > 1, corresponding to Algorithm SGS and By = Ay satisfy (A3) with
w =1

Thus (A3) holds with w = 1 and (Al), (A2) holds uniformly in ¢ as long as

2, /a diam(T)
max max —_—
To€Ty Ty 3TCTy  diam(Tp)

is uniformly bounded.

The proof will be given in the rest of this section.

5.5.1 Auxiliary norm estimates

We prove now several estimates that will be used to verify assumptions (A1)-(A3).
By comparing the quadratic forms the following lemma is easy to verify.

Lemmad4 Let T be a tetrahedron with nodes p1,...,ps. Then for any linear function v :
T — R4

Lo 17|
5 ||UHL2(T) =90 Z [v(pi ||2 < ||'U||L2(T)

We will use the well known inverse inequality for linear finite elements, e.g. [2].

Lemma 5 There exists a constant Cy depending only on the shape regularity of the mesh Ty
such that

013y < Cod® ol YveSy, VI eTh, 0<k<{,

‘”Uﬁ_p(T)gCo VUGS}C, VTGE, Oﬁkgﬂ

2
diaT(T)? ||”HL2(T)
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Lemma 6 Let T be a tetrahedron which is contained in a tetrahedron of Ty. Let v be a linear
function on T. Finally let v be a linear function that coincides with v in at least one vertex of
T and vanishes in the remaining vertices of T. Then

i 9
9l < % olo.r-
Proof See appendix A.4.

Lemma 7 There exist constants Cp,C > 0 only depending on the initial triangulation and
the shape regularity of T; such that for all T € T; and all v € S}

£ o022y S 1PolRary < 5lolary s 5 ol < IPolE 7 < 510l
IPellzrsry < @+ CoLi) ol 10y < @+ CpLR) 1Pl »
[Pv = Nvl| g1y < Cdiam(T)((1 + 2LN) [[0]l g1y + [N w2 () 0]l L2 1))-
Proof See appendix A.5.
The following fact plays an important role for the verification of (A1)—(A3).

Lemma 8 There exists a constant C| not depending on € and the particular 0 — 1-structure of

My (up) = diag(mz, ..., my,, ) such that the V. -decomposition of W, admits the estimate
(Qovlfn o) + 4" |Qhv = @iy < Cllvli gy VoW, (60)
k=1

Proof The proof is carried out for the 2D case in [2, Thm. 7.6] for the case that homogeneous
boundary conditions are prescribed on a boundary part I C 0{2 that is the union of boundary
faces of the initial triangulation 7. As mentioned in this paper, the result holds with similar
proof also for the 3D case. This result can be applied to the first and second component of the
functions v € W), Qyv, Qj,v — Q},_,v. The third component satisfies in addition Dirichlet
conditions on Iy, Ik, and I}, respectively. By extending the arguments in [2, Thm. 7.6] the
estimate (60) can also be proven for this situation. O

By using the boundedness properties of the linear operator P : W;, — Wj, in Lemma 7
we obtain the following analogue for the Vj,-decomposition of W,.

Lemma 9 There exists a constant C not depending on € and the particular 0 — 1-structure of
My, (up) = diag(mq,...,m NKh) such that the Vy-decomposition of W, admits the estimate

4
— — — 2 —
1PQuvI3 o) + Y 4¥ | P(Qjv — @ 10) ||y < CilPul3g) Yo eW,.  (61)
k=1

Proof See appendix A.6.

The following estimate will be essential to verify assumption (A2).

Lemma 10 There is a constant C' depending only on the shape regularity of the tetrahedra
such that for all | > k the bilinear form a(-,-) in (4) satisfies for all | > k

l—k
1
a(wk,vl) <C <\/§> ||wk|| 2! ||’Ul||0 VYwg € Wy, v €W,
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Proof We have wy, = Pwy, v; = Pt with wy, € W,’c and 7; € WZ’ forl < ¢, v, € W), for
=4
We consider all bilinear forms ¢, d, e in (34). We have

3

le(wr, o) <)

1,7,7,5=1

[ conelPwa) (Pa, e
0

Using Pwy, = Nwy, + (Pwy, — Nwy), Py, = Nv; + (Py; — N7;) we obtain

3
) < 3 | [ (ennNon) (Ve ) de
ijrs=11792
+ Z (1Pwr — N[ g1y PO 1 7y + NG| g2 oy [P0 = N | g oy

TeT:
+ [[Pwr, — Nk g1 7y |1 PO = Nl g1 ) =2 B1 + Ro.

To estimate the first term we observe that

cirjs((ka)mi)r((Nﬁl)zj)s = Z Cirjs(Nr,F(wk)?)zi(NS,E(@l)é)xj~
Hence, we have to estimate
é(w,v) = / c(aw)z, (bv)g, dx (62)
n

with a = NT’,F: b= Ns,§7 C = Cirjs, UV = (’[_}l)g, w = (wk)f.
For the 2D case it is shown in [38, Lem. 6.1] that for all w € Si,v € §;, T € Ti

k-1
[ etaitn, do < OO+ el a)VE ™ ol ol
It is easy to check that the proof can be extended to the 3D case and that it can be adapted to

estimate (62). We only sketch the differences in the proof. Let as above v = (;)s, w = (Wg)7,
a = Ny, b= N,z c=cijs. Let T' € T}, be arbitrary. We want to estimate

é(w,v)|r = / claw)z, (bv),, dz.
T
Denote the nodes of 77 by /\71 We set v = vg + v1, where vy € Sl is defined by

vo(z) = v(z), =€ N NIT,
7 o, zeN\OT

We have ¢(w, v)|r = é(w,vo)|r + ¢(w, v1)]| 7.
Since v; = v — vy vanishes on 07, integration by parts yields

e(w,vy)|lr = — / (Caz;) ;W + €O, We; + (€A)z; W, ) V1 dT
T

by using that wy,;; = 0 on T". Lemma 6 yields [|v1]| () < 2 [vll 27y and thus

N 9
|é(w, v)|r| < 5 lellw.oe () INTw2e(2) + 3Ly + 1) [wll gra 7y 0] 27 -
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The function vy vanishes outside a boundary strip .S of T" with
1
S| < 02217_k|T‘
with a constant C'; > 0 depending only on the shape regularity of 7Ty and 7;. Now

|é(w, vo)l|7| < /T |e(aw)a, (bvo)a, | dz < el oo 7y (L4 L )? [l 1 s) 120l s -

As the restriction of w to T" O S is linear, we have

|51

|w|H15) \5||W|W1°o(T) |T|\w|H1(T)

and similarly by using Lemma 4

20/

2
[wllzz2cs) < 1] [wl7e () < I lwilz2cr)
Hence,
20C,
”wHHl(S) =\ 9=k Hw”Hl(T)'

Now set C}, = maxg, 7, diam(7p)?. Then the inverse estimate of Lemma 5 yields with

Lemma 6
3
lvoll111(s) < 4/ Co + Cod llvoll 7 < 1/ Co + 0041% vllo,r -

In summary, there exists a constant C3 > 0 with

_ -
|&(w,v)|7| < Cs(1+ Ly + Ly + [N[w2oe(2)V2 w2 1v]lo 1 -

Using that v = (7;)5, w = (W )7, summing these bounds for the terms in (62) yields a
constant Cy > 0 such that with C5 = /2 + CpL?%; holds

1

Ry < O\ 5

_ _ 5
@kl 1) 2 1l < CaCs oi=% 1wl o) 2! vl ,
where we have used Lemma 7. For the second term Ry Lemma 7 and (80) yield

Ry < C(1+2LNn + [Nz (o)

> diam(T) (1@l 1) 1P sy + INDel g oy 151l s o))

TeT,
+ C?(1+2LN + [Nz () )? > diam(T 2 @kl ooy N0l gy
TeT:
<Cs Z diam(T) [|@g || g2y [101]] g2 () -
TeT,

Then we obtain by Lemma 5 and 7

diam(T) [|01]| g2 7y < \/5(Ch + Co) lvill ey s N[0kl 1) < Cs lwkll g o)
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and summing the local estimate yields with [|vi[| ;2 o) < (maxg, ey diam(Tp)) [lvr]

o < (g dian(T:) ) Coy/5(C4+ Co)C ol ol

Adding the bounds for Ry, Rs yields the existence of a constant C7 > 0 with
k—1
|c(w, v)| < R+ Ry < CoV2' Jlwill g 2 vl -

Next consider e(wy, v) = [, Ewy, : v dz. Since H*(£2) < L(£2) ford < 3,

1/2 1/2
le(wr, v)] < Cs 1Bl 2 gy lwill 1 g Nor1 22 ) a2 g -
Now by Lemmas 5 and 7 we obtain for all T' € T;, since 9 is linear on T,
2 2 2
[l py < 2+ CpLE) [l oy < (2+ CpL3) (Co + Codt) il
<52+ CpLA)(Ch + Cod") [[uillg 1

Summing up yields a constant C'g > 0 with
1/2 { 1/2
lorll 2y < Cov2 [l
We conclude that
1
le(wy, v)] < Ci0V2 HE||L2(Q) ”wk”Hl(Q) vl -

The term d; (wg, v;) = f o DVwy vy dx can be estimated similarly, since

1/2 1/2
(Wi, v0)] < Cur 1Dl gy 0l s I1onll oy Inll 2 )

Now we can proceed axactly as for e(wg, v;).
Finally, da(wg, v;) can be treated similary as b(wy, v; ). Each term is of the form fQ dirs(Pwg),((PU) g, )s dz.
Using as above Pwy, = Nwy, + (Pwy, — Nwy), Pv; = Nv; + (Pv; — Nv;), we obtain

/ dors (P), (P, )s da = / dirs (N @), (NT)a, ) do + R,
2 2

where R3 can be estimated as Ry above. It remains to consider

do(w,v) = /Qd(aw)(bv)zi dz

with v = ('l_}l)g, w = (’lbk),:, a = Nrﬂz, b= Ns)g, d=d;rs.
Let T" € 7T}, be arbitrary. As above we we use the splitting v = vg + v1. Since vy vanishes
on 0T, integration by parts yields

d (w,v1) |7 = — / (dy, (aw) + d(aw),, by da.
T
Summing over all T' € 7y, yields similarly as for d; and e

o (w, v1)] = /!2 (dy, (aw) + d(aw)s, )by do

1/2 1/2
< Cuz [ldll g1y (1 + Ln)*? w1 ) HU1||L/2(Q) ||Ul||17{1(rz) :
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Since vy is linear on all T e 7', we have
2 92 ’ 1 2
i3 7y < (Co+ Codh) llallg 7 < =5 (Co+ Cod') |Iv3 7
(1) = 5
and thus HU1||}—1/12(Q) < CpaV2 ||v]|o- This shows that
~ 1
|da(w, v1)] < C1sV2 |[w] g1 (g 0]l -

Finally, since as above vy vanishes outside of the strip S we have

|d2(w, vo)|7| < [|dll oo (o) (1 + L) [[wll 125y [1voll s -
Now we can proceed for this term as for é(w, vo)|r. O
5.5.2 Application of the general convergence result

We check next that assumption (A3) is satisfied for Algorithm MPRSN. It is easy to check
that each symmetric Gauss-Seidel step has the form

d; < d; + B (r, - Aidy), B, = (D —L)D; (D — L))"
and the m steps of Algorithm SGS lead to the approximate subspace correction

d;, «d; + Bfl(rl — Aldl)7 where

,_\

Z (I-B;'A)B; = (I (-B'A)™A L (63)
7=0

Bfl is symmetric, since Bfl and thus all matrices (B;lAl)j B;l are symmetric.
We are now ready to show that (A3) holds for w = 1 which is equivalent to

VlTAlVl S VlTBlVl Vvl. (64)

Lemma 11 The operators B, | > 1, corresponding to Algorithm SGS and By = Ay satisfy
(A3) with w = 1.

Proof See appendix A.7.
We turn now to assumption (A2).
Lemma 12 Let T* = {T eT.:TNT, c,n contains a whole face} Then there exists a con-

stant C > 0 only dependmg on the regularity of the initial mesh such that

-k ¢ i
1 2/ adiam(T)
ol(wp,v) < C | —= (1+5 1-4 m. 7_111 '—ml>
a (wk Ul) - <\/§) M( kf) ’loeai* ;B%éTo dia ( 0)

(Bkwk,wk)é/Q(Bzvz,Ul)é/z Vwp € Wy, eV, 0<k<I<Y,

where 010, O are the usual Kronecker-symbols.
Thus, (A2) holds uniformly in £ as long as

2¢\/a diam(T)
max max ——————~
To€Ty T73TCTy  diam(Tp)

is uniformly bounded.
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Proof For k = [ we have by the Cauchy-Schwarz inequality and by Lemma 11

o (Wi, 1) < ag (Wi, i) 2an (v, v)? < (Bkwmwk)é/z(sz,Ul)é/Q
for all wg, € Wy, v; € V. For 0 < k < [ < ¢ Lemma 10 yields

k—1 .

ao (Wi, v1) = a(wg,v) < CV2 w24 vl Ywk € Wi, v € V. (65)

By 5.4.1 we have V; = V), for [ < ¢ and for v; € V), there exists v € ]7[ with
v = Pvj = P(Qv] — Q)_,)).
Hence, Lemma 9 applied to u = v € V] yields with (36)
4l H’Ung S C’l\vlﬁ{l(m S Ccha(vl,vl) = Ocha(,(’Ul,’Ul) = Cch ||1)l||2 Vi < /.

Therefore, we have with Lemma 11 and (65) forall 0 < k <[ < £ and w € Wy, v; € V)
the estimate

a (Wi, v) < Cy/ Cch\[ Bkwk,wk) (Bwl,vz)o/g-
It remains the case 0 < k& < [ = £. For vy € V, we have by definition with v} cWy
v = Py — Qy_1v})

and without restriction we can choose v} such that v, = v, — Q}_,v} (else use v, — Q) v,
for v;). Then we have

= Pvy = P(vy — Qp_yvy) = P(vy — Qpvp) + P(Qf — Qf_y)vy
= P(vp — Qpp) + P(Qf — Q1) Qpvp-
Thus, (65) yields forall 0 < k < [ = ¢ and all wy, € Wy, vs € Vg
k—¢ _ _ _ _
aa(wk,ve) < V2w 2°[|P(v; — Qpvp) + P(Q) — Q1) Qi (66)
k—¢ 1/2
< COV2' (Brwg, wi)y 22" (|| P(v; — Q) )|, + [[P(QF — Q_1)@ivr|l,) »
since aq, (wg, ve) = a(wy, ve). Now Lemma 9 applied to u = szg yields
4t HP(QZ Qtz 1 Q WHO < 01|PQ€U€|H1(Q) (67)
All the following estimates until (70) hold generally for all v;, € WW,. We have
! YN . /
||W - QeWHO = ulelg); l|vp — v||0.
By assumption (C2) there exists a function ¥, € We with
1Pv; — Pjl3ar ) < 3(BuPv))” My (By,Puy) (68)
= ka(BnP (v} — Q)_1vp))" My (BrP (v} — Q_1v})) = ka(Brve) My, (Broe),
where k3 does not depend on vj,. We have
|v; — Q%UIIZHO < v —vgllg -

Let7/ ={T €T :TNIgy#0}andT* ={T € T;: TNI¢y contains a whole face}.
Since vy, — P, = P(v; — ¥}) vanishes on all nodes not contained in /¢ j, and all boundary
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nodes are only shared by a finite number of elements, there exists (cf. also [2]) a constant C"”’
independent of v; with

_ 2
1P, =l =D > dlam Tz 1P = ey

To€Ty T,2TCTo

" 1 / _I\) 12
<C Z Z WHP(W—W)HM(T)-

To€Ty TS 3T CTo

Now it is obvious that for all T' € 7,

_ _ 2
1P(0f = 5172y < diam(T) | P(w; = 072 (rrre) -

This yields

diam(T") 2
P(vy —5y)||g < C ——— 5 |1 P(v;, — 7 -
1P, — 7)) 2Tr(flea7’% T*glfpéTo diam (T )2 12(ve = 0ol (e

Using (68) and Lemma 7 we conclude that

2 02 2
1P(v; = Qpp)lg < 5 vk — Qs < 5llvg — w5 < 25 |1 P(v; = 7)lg
adiam(7T) 1
< 25C ———=—(Bn My (B
21 ronea%) T*ng)éTo diam(7p)? « o (Bno)" My (Byvr)
adiam(T)
< 25C —_— 69
2K3 ronea7>5* T*glz%’én dlam(TO) aalve, ve) (©9)
d T
< 25C5Kk3 max Lm()(Bzw,w)m

max
To€Ts Ty 5TCTo diam(Tp)?

where we have used Lemma 11 in the last inequality. Finally, by using the inverse estimate of
Lemma 5 we obtain again with Lemma 11

|PQ2U2|H1(Q) < \PUZ\HI(Q) + |P(UZ - Q%UMHl(Q)
< [velmi(ay + Co 28 || P(vy — Qo)) (70)
2¢\/adiam(T)
<clY? 5(CoCariz)t/? A 1/2
[vell + 5(CoCars) A A am(Ty) (ve,ve)

2 adlam(T) 1/2
< 01/2 5(CyC 1/2 ———~ | (B 2,
_< +5(CoC2k3) K, e diam(Tp) (Brve, ve)g

Combining (66), (67), (69), and (70) we obtain for all wy, € Wy, vy € Vp,0 < k </

(Wi, vp) < C\/ikfe (5(02,%3)1/2((0001)1/2 1)

2€ O[dlam(T) 1/2 1/2
: VAT L (o, C 1/2) B ?(B /2,
B 7, Giam(ry) (O B i B v

g

We turn finally to the verification of assumption (A1). We start with the following auxiliary
lemmas.
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Lemma 13 Let B € R™" be an arbitrary matrix such that all entries have absolute value
< 1. Moreover, let Ny, be an upper bound for the nonzero entries in each row and column of
B. Then the spectral norm of B is bounded by

I1Blly < Nnp.
Proof Let x € R%. Then

2
P () ) < N 3
bi; 70 bi; 70
Since any x; appears in at most IN,,;, rows, summation yields || Bz |3 < N2, ||z||3. O

Lemma 14 Let 7, = {T eTe:TNT c,n contains a whole face}. Then there exists a con-
stant C' > 0 only depending on the regularity of the initial mesh such that

0 2

D v

=0

¢ .
4o diam (T
Z(Blvl,vl)o < C(l + max max Lﬂl()) Yo € V).
1=0

To€Ty T43TCTy diam(Tp)?

Thus, (Al) holds uniformly in £ as long as

2, /a diam(T)
max —_—

ma
To€Ty T e, diam(Tp)
is uniformly bounded.

Proof We know by (35) that there exists a constant M, with
|a(u, U)| < Ma‘U|H1(Q) |’U|H1(_Q).

Denote as before A the matrix representation of the bilinear form (51) on W,. Let IV,;;, be a
uniform upper bound for the number of nonzero entries in the rows of A;. N,; can be chosen
only depending on the initial triangulation.

We recall that By = Ag. Therefore, we have

(Bo’Uo,Uo)o = aa(’l)07’()0> = a(Uo,Uo) < Malvo|§{1 ) Yy € V. 71

For [ > 1 the operator B; is the result of symmetric Gauss Seidel iterations. As we have seen
in the proof of Lemma 11, the symmetric matrices B ! corresponding to a single symmetric
Gauss-Seidel step and B, ! for m iterations have the same eigenvectors and the eigenvalue
A€ (0,1) of B, corresponds to the eigenvalue 1 — (1 —\)™ € (), 1) of B;"!. Therefore, By
and B) have the same orthonormal basis of eigenvectors and the eigenvalues satisfy \;(B;) €
(0, \;(By)]. Thus,

V;TBlVI S VZTBZVZ‘ (72)

Now B; = A, + L;D; 'L} = A; +L;D; 'D;D; 'L}". Since A, is positive definite, L, D; *

has entries with absolute value < 1. Applying Lemma 13 yields | L,D; ||, , | D; 'L, <
N,p. Hence, together with (72) we obtain
VlTBlVl < V,ZTEZVI < V;TAlVl + szVlTDlVb [ >1. (73)

Let {(b;i’ j}lgig N;,1<j<3 be the nodal basis of 813 corresponding to the free nodes p; of 7;.
To estimate the second term we observe that

Ny 3
ViD= 303 (i) (8, s 0, 5)-

i=1 j=1
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We consider first the coarser levels 1 < [ < £. We obtain for all v; € W;, 1 <[ < ¢, with a
constant M, by using Lemma 5 and 6

VlTAlVl = aa(vl,vl) = a(vl,vl) S Ma‘l}lﬁ{l(g) S Ma004l ||’Ul||g

as well as

N
viDyv; = (Vi) jal@p, s Dp, ) < Z Mo (Vi) 15, 51 (o)

1 1=1
1<5<3 1<5<3

<> > (Vl)?,jMaCO4lH¢lpi,j“§,T

TET p;eTet 1<5<3

9 9

l 2 l 2

<> N Z MaCod' 2 o6 7 < 4MaCot' = [l -
TETi p;eTe 1<j<3

We conclude with (72) and (73) that for all v; € W;, 1 <1< /{

(Bro,vi)o < vi Bivi < MyCo(1+ N2,36/5)4" ([l =: Cad [Jur]5 - (74)
Now consider v, € W,. We obtain similarly as above

VZTAgv@ = aq(ve,v0) = alvg,ve) + o~ (v, Bf My, (up) Brve)o

< Malvel31 () + @ (ve, Shve)o < MaCod® [|uellf + o~ (ve, Shve)o,

where S;, = Bj; My (up)B), as in Assumption (C1). We have A, = A, + o~ 'S, with the
matrix representations A, of a(+,-) and S, of Sj, on Wj. Let

D, = f)g +at diag(Sg)
be the corresponding splitting of the diagonal part. As above we can show that
~ 9
viDyv, < 4Maco4‘g odl2 Yo € W
Thus, we have by (73) for all vy € Vy
(Bgvg, vg)o < V%A(Vz + sz(vzf)ng + oz_lveT diag(Sg)Vg)

36 _
< M, Cod*(1 + Nﬁbg) [vellg + o~ (1 + N2,Cp) (ve, Shve),

where we have used Assumption (C1) in the last term. We conclude that with C5 := (1 +
N2,Cp)
(Beve, ve)o < Cad” [luell§ + o Cs (v, Snve).- (75)

Now let v = Zf:o v; with v; € V), be arbitrary. Then there exists a unique v’ € W, = S} =

U,;, with
l—1

v=Pv' =P = Q') + Y P(Q) — Qi_y)v + PQyv'
=1
By the definition of V; we have therefore

vy = PQyv' = PQLQ,v,
v =P(Q; — Qv =P(Q—Q_)Q', 1<1<Y,
v =P — Q) 1v) =P — Q')+ P(Q) — Q)_,)Qu".
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Using (71), (74) and (75) we obtain

¢

4
Z(Blvl,vl)o < Ma|'U()|§_Il(_Q) + 20441 H’UZHE + 047105(115, S}L’Ug). (76)
=0 =1

By the definition of the spaces V; for 0 <[ < ¢ we have
a1 Cs(vg, Spve) = a1 Cs (v, Spv) < Csaa(v,v) = Cs ||v]*.
Moreover,

loolls = | PQAQLY[|5  Iluilly = || P(Q) — Qi_)Q4'|[5, 1<1<2,
loellp < 2| PO — Qu)|s + 2 || P(Q) — Q1) Q|5 -

By using (76) and Lemma 9 (with u = Q}v’) we obtain

4

4
> (Brvi,vi)o < Malvol3ra ) + >, Cad! urllg + Cs [[o]|?
=0 1=0
4

< Mo |PQoQ |31 () + 2C Z‘ll | P(@Q] — Qi_1)Qw HO

=1
+2C,4" || P(v' — Q) ||} + Cs ||v]|?
< max(Ma, 2C)Ch| PQ' |31 () + 204" || P(v — Q%v’)”i +Cs ||v]?.
We recall that (69) and (70) hold for all v, € ¥, and thus also for v’. This yields

adtdiam(T)
By, < 50C4 Cak: —
(Bron, o < 50CaCona s, - A% Giam(T))?

M~

lol[* + Cs Jlo]|”

Il
=)

4* o diam(T)
2 max(M,, 2 9 (
+ 2 max( Cy)Cy (CA+ 5000253T1(‘)11€a77_§* 771911%7&% diam(Tp)? )” ||

6 Numerical results: Hertzian contact problem

In this section, we use a 3D Hertzian contact problem to demonstrate the efficiency of the pro-
posed multilevel semismooth Newton method. The example to be considered is an unilateral
contact problem consisting of an elastic ball and a rigid planar surface.

For this example under the assumption of small deformation the normal contact stress dis-
tribution can be computed analytically. The problem description of the 3D Hertzian contact
problem and an analytical solution can be found [10] and [31]. The ball in this example has a
radius of R = 8 mm and the material behavior is assumed to be linear elastic with Young’s
modulus £ = 210 GPa and Poisson’s ratio v = 0.3 from steel (correspond to Lamé coef-
ficients A = 1.2115e 4 05 and p = 8.0769¢e + 04). The symmetry of the problem requires
only one-eight of the ball to be modeled. A constant pressure p = 2 mivn 5 is applied to the top
surface of the one-eight of the ball. On the side surfaces of the one-eight of the ball, symmetry
conditions are imposed. The maximum normal contact stress ¥4z, the radius of the contact
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Fig. 1 Finite element discretization, (1) coarse mesh - 3993 elements, (r) finest mesh - 4120119 elements
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max. normal contact stress y
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™

Fig. 2 (1): Maximal contact normal stresses on level 0,.. ., 6, (r): Normal contact stress distribution in the x-y plane

zone a and the normal contact stress distribution on the boundary y(d) are given by

3pR? 3/3(1—v)2pm d?
max — y = — Y, d) = max 11— —.
y 57 a=R\|—— & y(d) =y 2

with the constant pressure p and the distance d from the midpoint of the contact zone. For the
given set of parameters, we obtain ¥, ~ 4016 MPa and a ~ 0.5467 mm.

The coarse grid can be seen in Figure 1(a) and has been generated using the commercial
software package ABAQUS. An error estimator for linear elasticity and a uniform refinement
of the potential contact zone are used for the adaptive refinement process. During the adaptive
refinement process, new boundary nodes are moved to their positions on the surface of the
ball.

We apply the semismooth Newton method and on each level the nonlinear discrete system
is solved up to a given relative error of ey = 1075, The prolongated solution from level
I — 1 is used as initial solution on level [. For the regularization parameter we chose o =
10~8. The linear system in a Newton step is solved by multigrid preconditioned conjugate
gradient method up to a given relative error of ,., = 1072,107* and 10~%, respectively,
using the proposed multilevel preconditioner with a V-Cycle and two presmoothing and two
postsmoothing steps.
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Fig. 3 (1): contact zone, (r): von Mises stress distribution

The convergence of ¥.,,4, to the analytical solution is shown Figure 2(a). The approxi-
mated normal contact stresses along the distance d agree with the analytical solution (blue
line), see Figure 2(b).

The active contact zone and the von Mises stress distribution are illustrated in Figure 3(a)
and Figure 3(b). The numerical solution shows a very good agreement with the analytical
circular shape of the contact zone.

Table 1 shows the required iterations of the semismooth Newton method and the average
pcg iterations on each level. The pcg-multigrid method is able to solve the Newton system to
a relative accuracy of £, = 1072, 10~* and 10~8 in about 4, 8 and 14 pcg iterations on the
finest grid. The slight dependence of the pcg iterations on the mesh size is in agreement with
the results of Theorem 6, Corollary 1 and Theorem 7 that smaller values of «/diam(7") lead
to better contraction factors of the multigrid scheme. It turns out that also for £,,.; = 1072 the
number of semismooth Newton iterations does not exceed 5 and therefore smaller values of
Epeg = 1072 are not beneficial for the runtime.

a=10"8epeg = 102 a=10"8epcg =1072 [ a =108, epcg = 10~3
1 ny nei itNewt avg-itpeg itNewt avg-itpeg itNewt avg-itpeg
0 922 69 3 1.00 3 1.00 3 1.00
1 1793 245 6 2.33 4 4.00 4 7.50
2 4827 929 5 2.40 4 5.00 3 8.667
3 16456 3621 5 3.00 4 6.25 3 10.67
4 61711 14257 5 3.76 4 7.00 4 11.75
5 | 237300 56612 5 3.80 4 7.50 4 12.75
6 | 928152 | 225563 5 4.00 4 7.75 4 13.75

Table 1 Convergence history semismooth Newton method with pcg-multigrid solver: I: Level, n;: number of grid
points, nc ;: number of contact nodes, itnew:: number of semismooth Newton iterations, avg-itpcg average number of
pcg iterations per Newton iteration

We have tested the method also for other values of « and it turns out to be very robust.
The iteration numbers are very similar for o ranging from 10~6 to 1010,

To illustrate the convergence of the pure multigrid method, which follows from Theo-
rem 6, Corollary 1 and Theorem 7, we show in Table 2 the corresponding results if the pure
multigrid solver is used instead of using it as preconditioner in pcg.
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a=10"5% gny =1072 a=10"%gmg =107 |
1 n; ne, itNewt | avg-itmg itNewt avg-itmg
0 922 69 3 1.00 3 1.00
1 1793 245 6 6.67 5 13.65
2 4827 929 5 6.40 4 16.00
3 16456 3621 6 12.17 4 32.00
4 61711 | 14257 6 13.50 4 33.00
5 | 237300 | 56612 6 11.50 4 32.75
6 | 928152 | 225563 5 9.6 4 32.25

Table 2 Convergence history semismooth Newton method with multigrid solver: I: Level, n;: number of grid points,
ne,;: number of contact nodes, itewt: number of semismooth Newton iterations, avg-itmg average number of multi-
grid iterations per Newton iteration

A Appendix

A.1 Proof of Theorem 3

. We need the following Lemma:

Lemma 15 Under Assumption (E), with the Lagrange function L and the regularized Lagrange function L, defined
in (6) and (15), respectively, there holds:

a) @ minimizes Lo, (-, §) onUs for all o > 0.

b) uq minimizes Lg(+,ya) on Us forall o > 0, B > 0.

¢) § maximizes L(4,-) on L?(I'c)+-

d) yo maximizes Lo, (uq,-) on L?(I'c)+ for all o > 0.

Proof a): For all u € Us we have
Lg(u,§) = Lp(t,§) = J(u) = J(@) + (5, B(v — @) e,
> (' (@) + B gu—a) + G lu—all}y = 5 llu—al} > 0.
b): For all w € Us, using (22), there holds:
Lﬁ(u,ya) - Lﬁ(uavya) = J(u) = J(ua) + (Ya, B(u — Ua))l"c
> (J' (ta) + B"Ya u — ta) + G |l — wallfy = G llu - ualfy 2 0.

c): This follows directly from the linearity of L, (1, -) and the complementarity condition: § > 0, Ly (u,§) =
Bu — w <0, <Ly(ﬂ,§),ﬂ>1"c = <Bﬂ - ¢7?3>FC =0.
d): By (21), there holds yo = a1 [re]+ > 0 and
(La)y(ua,Ya) = Bua — % — a(ya — §) =ra — [ra]+ < 0.
Hence, by the concavity of L (ua, -), we get forall y € L? (I'e)+:

Lo(ua,y) — La(ua, ya) < {(La)y(vas Ya) Yy — ya>Fc
< —(ra — [Ta]+70471[7"a]+>1“c =0.

Proof of Theorem 3:

We know from Theorem 1 that ue, — @ in U as @ — 0. From Theorem 2, we obtain the uniform boundedness
of yo in L2(I'c):

lyallL2 = la™ vallLe < V2(lI7llL2 + 17— 9l L2)-

Hence any sequence (yq, ), o — 07, has a subsequence (ya ’ ) that converges weakly in L2 (I'c). Since yo — 7
in V’ as a — 07, see Theorem 1 c), there holds Yap, = U weakly in L2(I'c). This shows yo — 7 weakly in
L%(I'c)asa — 07F.

We continue by using the results of Lemma 15:

a .
L(a,9) > L(t,ya) > L(ua,Ya) = La(ta,Ya) + EHya - yHiz
_ « N _ [ N « .
2 La(ua,9) + 5 llya — 9072 = L(ua,5) — Sl - a7z + 7 llva — a7

oo a R
> L(a,g) = 5 lly - al32 + 5 llva = a7 2.
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This shows ||ya — §llz2 < ||§ — 9|2 as well as
0< L(#,) ~ L(ta,ya) < 17— l72 = 5 lve =37 an
From the weak convergence of yo — 9 to § — 9 in L2(I'c) and the weak lower semicontinuity of || - || .2 we obtain
tim i g — 9l 2 > 19— 92

Together with ||y — |l 2 < |17 — 9| 2 this shows ||ya — 9]l .2 — ||T — 9|l 2. Since L?(I'c) is a Hilbert space,
this and weak convergence imply strong convergence yo — 7 in L2(I'c) as a — 0.
With (19) and the optimality conditions (7), (8) we conclude:

L(ﬂv g) - L(uCHya) = J(ﬂ) + <gv Bu — w>Fc - J(u&) - (ycu Bua — 7/}>Fc
J(@) = J(ua) + (B Ya, & — ua) + (§ = Ya, Bl — P}
(

* - g — —
"(ua) + B*Ya, & — ua) + EHU - ua”%h = (Ya, Bu — ) g

v

\Y

J
o, _ _ g,
%0~ ualls, ~ (v, BE — ¥ re > 5@~ uallly,.

Thus, using (77), we obtain (28):

IN

7~ uallt < 2 (L(8,5) — L(ua,va))

A

o, .
< g =9l7e = llya = 9l72) = o(e).
Since B is surjective, the assertion (29) follows from the open mapping theorem and

J'(@)+B*5 =0, J(ua)+ B*ys =0.

A.2 Proof of Lemma 2

Proof For arbitrary (u,y) € U x L2(I'c) and Z € OH (u,y), Z has the form

— A B* -1 -1
Z_(—oflMB I)’ M e dS(a " Bu+yr — ).

Now let r = (:;) € U’ x L%(I'c) be arbitrary and consider the equation Zs = r, where s = (‘:”) Elimination
Y
with the second row yields the equivalent system

(s =)

By the definition of 9.5 we have for all u,v € U, using0 < m < lonI¢):

1
(B*MBu,u)yr,y = (MBu, Bu)re, = ||m? Bul[}2r,y >0,
(B*MBu,v)yuru < IBIS 1210 Il ol
Therefore, the operator Ao, := A+a~1B*MB € L(U, U’) is continuous and coercive with constants independent

of M. Hence, Ag ! exists and | A3 ||y U < Ca4,since the coercivity constant of A is also valid for A,. The bound
Islluxrz(ro) < CrllTllurx L2(ry) now follows easily. O
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A.3 Proof of Lemma 3
Proof Letas above py, 1 < k < Nk, , be the nodes in Ne¢,n- By (50) we have

(Bhd)p,i)k = ngk ¢’p,i(pk) H‘z’pk HLZ(FC,;L) = 5ppk di1 ||¢pk ||L2(pc’h) s
where dpp, = 1if p = pj, and §pp, = 0, otherwise. We thus obtain

(¢p,is ByMpBroq,j)u U, = (Bhép,i)" Mp(Broq,;)

_ {”‘lspk”iZ(chL) itdk < NKh3p: q=pr.-mp=11=75=3, 9

0 otherwise.

Thus, Sy is diagonal with nonnegative entries. Hence (C1) holds with Cp = 1.

. NEKj, 3 . .
Now let v, € Uy, be arbitrary and let vp|r, , = Dp_1" > i—1 Upy,i®p,,i be the corresponding basis

representation. We now choose wy, € Uy, with

3 2
wh‘FC,h: Z vakyid’m,i re, t Z vayid’mvi

k:mp=01i=1 k:mp=11i=1

I'cn-
Then (79) yields (Bpwp )T My, (Bpwy,) = 0 and

E : 2
(Bh’uh)TMh(Bh’Uh) = U127k73 ||¢pk||L2(FC,h,)
kimp=1

N P
g 2.2 1 2
= Z Z (Vpp.i = Wpy )" bpy, dS(2) 2 — llon —willz2(rg, ) 5
T'e,n 3 1

k=1 i=1

where k3 = 2 for linear finite elements. O

A.4 Proof of Lemma 6

Proof One can show that

area(T’
HUHQLz(T) = %(v% + 0?2 4+ 03 + 02 + (vo +v1 + va 4 v3)?),

where vg, v1,v2,v3 are the values of v at the vertices of 7. Now the proof can be obtained by considering the
quadratic forms when one, two or three of the v; are set to zero, see [2] for the 2D-case. O

A.5 Proof of Lemma 7

Proof Let N be the linear interpolate of the function /N. Then NAadmits the same Lipschitz constant as N. We recall
that Pv is the linear interpolate of Nv and also of the function Nv. Therefore, by standard approximation results in
3D, see e.g. [3], [6], there exist constants Cyy, only depending on the shape regularity of 7, such that

[|Pv — N’UHHm<T) < C'mdiam(T)27m|J§711\H2<T)7 m=0,1, VT € T,.

In particular, . .
1Pvll grm 7y <INVl grm (1) + Condiam(T)2 =™ [ Nv| o gy, m =0, 1.

Now HNHLOO(T) < land |NU\W2,QC(T) =0, [v] g2(7y = 0 by linearity on T yield
HNU||L2(T) <ollpzery |NU|H1(T) S Ly llp2ery + Wl ey, |N”|H2(T) <2Lnlgi(ry),
Thus, we obtain

1Pl g1 2y < 10l + Lv (10l 2y + 2Cdiam(T) o] g1 -
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Vice versa, v is the linear interpolate of NT py. Therefore, we can use the same arguments with v, NT Py instead
of Pv, Nv and obtain

[oll g1y < 1Pl gy + En(1Pvll L2y + 2C1diam(T) |Po[ g7 )-
Moreover, since (Pv) is a linear function, Lemma 4 yields

17| |71
1Po]22 7y < anv(m v(p) 3 = va po)lI3 < 5 [[0l12 2z -
i=1

On the other hand

4
7| 7|
ol2 2y < Z (o)1 = 3 3 INGUIE < 5 1Pl cry

Finally, since Puv is also the linear interpolate of Nv we have
|Pv — NU”Hl(T) < Crdiam(T') ||N”||H2(T) :
Now we have similarly as above
INvlig2(ry S l0llp2(ry,  INvIgrey < L llvlip2ery + vlE ey, (80)
INvl g2y < 2LN|vlg )y + INlw2.00 (1) 10l 27y -
We obtain
[Pv — Nl g1y < Crdiam(T)((1 + 2Ln) [0l g1 () + N w200 () [0l L2 ¢1))-

O
A.6 Proof of Lemma 9
Proof By the Poincaré inequality and Lemma 7 there exists a constant C' > 0 with
2
‘PQ0U|H1(Q) (2+CPL ||Q0U||H1(Q> <C(2+CPL )|QOU|H1(Q)
Now Lemma 7 and 8 yield
4
~ ~ ~ 2
[PQuvIF (o) + D 4 [[P(Qhv = Qfq0)fg <
k=1
— e — — 2
< C@2+CpLR)IQvI3 o) + > 4F5]|Qhv — Qv
k=1
< CIC(5+ CpLY) vl o) < C1C%(5+ CpLA)(2+ CpLR) Pl -
[m]

A.7 Proof of Lemma 11

Proof Forl = 0 this is trivial, since Bg = Ag. Now let [ > 1. We have to show (64) for B; in (63). Since
B, = (D, - L)D; (D, - L))" = A, + L,D; 'L,

(64) holds for f’;l instead of By (i.e., for m = 1). (64) is equivalent to vlTvl < vlTAl_l/QBlAl_l/Qvl with the
symmetric positive definite root of Afl. The latter is equivalent to U(A1/2B71A1/2) C (0, 1] with the spectrum
o(-). Since (64) holds for B; instead of B;, we know that U(A1/2 1A1/2) C (0, 1]. We have by (63)

m

° m 3 k41 (T 3ia—1 3k
I Ay) A ? = (-1) (k>(Al B, Al)

1
2

ol

Il
~

I
>
NI
—~
~

I
o
|

-

B 'A

Al l

and thus any eigenvector of A, 12y lA /2 for an eigenvalue A is also eigenvector of Al/ 2B IAI/ 2 for the
eigenvalue

m
ST (-t (TIZ),\’“ =1—(1—MN™e\1], sinceX e (0,1].
k=1
This shows that U(All/QBflAll/2) C (0, 1] and the proof is complete. O
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